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Abstract
We give a short, elementary proof that the interval bigraphs are a strict subclass of the unit grid intersection graphs.
c© 2008 Elsevier B.V. All rights reserved.
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Let G = (V, E) be a finite graph. G is an interval bigraph [2] if there is a colouring c : V → {0, 1} and a labelling
` of V with closed intervals on the real line such that E = {uv : `(u) ∩ `(v) 6= ∅ and c(u) 6= c(v)}.
G is a grid intersection graph [1] if there are sets S and T , respectively of ‘horizontal’ and ‘vertical’ line segments
in the plane, such that G is isomorphic to the graph (V, E)where V = S∪T and E = {st : s ∈ S, t ∈ T and s∩t 6= ∅}.
If, further, we can choose all the segments to be the same length, G is a unit grid intersection graph (UGIG).
Otachi and Yamazaki give an elementary, though somewhat involved, proof that the interval bigraphs form a
strict subclass of the UGIGs [5]; the same authors and Okamoto also prove this result using so-called γ -freeable
matrices [4]. We give a straightforward elementary proof.
We introduce the following notation and conventions. Given an interval bigraph G = (V, E) of order n, we write
V = {v1, . . . , vn}. Let `(vi ) = Ii = [xi , yi ] and let c(vi ) = ci . We may assume that x1 ≥ x2 ≥ · · · ≥ xn . For sets I
and J , we write I ∧ J if I ∩ J 6= ∅ and I 6∧ J otherwise.
Lemma 1. If i < k and Ii ∧ Ik then I j ∧ Ik whenever i 6 j 6 k.
Proof. xk 6 x j 6 xi , by the ordering, and xi 6 yk , since Ii ∧ Ik . Therefore, xk 6 x j 6 yk so I j ∧ Ik . 
Theorem 2. Every interval bigraph is a UGIG.
Proof. Let G = (V, E) be an interval bigraph of order n and, for 1 6 i 6 n, let mi = min
({i} ∪ { j < i : viv j ∈ E}).
We assign a line segment L i in the plane to each vertex vi as follows. If ci = 0, let L i be the vertical line from
(i,mi ) to (i, n + mi ); otherwise, let L i run horizontally from (mi , i) to (n + mi , i).
We now check that the intersections of these line segments define the graph G. By symmetry, it suffices to verify
that, for all i < j 6 n, L i ∧ L j if, and only if, viv j ∈ E . Note that, if ci = c j , L i and L j are parallel but not collinear
so do not intersect, as required.
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Consider any j 6 n. For any i < m j with ci 6= c j , we have viv j 6∈ E , by the definition of m j , and L i 6∧ L j as
either c j = 0 and L i is entirely below L j or c j = 1 and L i is entirely to the left of L j . Now let m j 6 i < j and
ci 6= c j . By the definition of m j and the lemma, we have viv j ∈ E and L i and L j meet at the point ( j, i) if c j = 0
and at (i, j) if c j = 1. 
Note that the above proof yields an algorithm for producing a UGIG representation from a given n-vertex interval
bigraph representation in O(n log n) steps. First, sort the intervals [xi , yi ] in descending order of xi . We can now
compute the values mi by binary search to find the least j such that I j ∧ Ii and, finally, output the UGIG representation.
The sort can be done in O(n log n) steps and the computation of mi takes O(log n) steps for each of the n vertices.
Finally, we show strictness of the inclusion.
Theorem 3. For any k > 2, the 2k-cycle is a UGIG but not an interval bigraph.
Proof. It is easy to see that C2k is a UGIG for any k ≥ 2. That it is not an interval bigraph follows immediately
from [3, Lemma 1] but we give a direct proof.
Let I1, . . . , I2k be closed real intervals, with Ii = [xi , yi ], such that x1 6 · · · 6 xk and xk+1 6 · · · 6 x2k . Put
c1 = · · · = ck = 0 and ck+1 = · · · = c2k = 1. Let G be the interval bigraph so represented and suppose that C2k ⊆ G.
We have d(vi ) ≥ 2 for all i and we may assume that Ii 6⊆ I j for any i and j with ci = c j , since, otherwise, vi ’s
neighbours would be a subset of v j ’s and this does not occur for any vertices in C2k . Therefore, we may assume that
y1 6 · · · 6 yk and yk+1 6 · · · 6 y2k .
We must have I1 ∧ Ik+1 as, otherwise, one of them would be isolated; we must also have I1 ∧ Ik+2 and Ik+1 ∧ I2.
Since d(v2) ≥ 2, I2 ∧ I j for some j > k + 1 but, then, by the same reasoning as in Lemma 1, I2 ∧ Ik+2. Therefore,
C4 ⊆ G, and G 6= C2k . 
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